We study analytically and numerically the fractional Langevin equation driven by the fractional Brownian motion. The fractional derivative is in Caputo's sense and the fractional order in this paper is α = 2 − 2H, where H ∈ ( 1 2 , 1) is the Hurst parameter (or, index). We give numerical schemes for the fractional Langevin equation with or without an external force. From the figures we can find that the mean square displacement of the fractional Langevin equation has the property of the anomalous diffusion. When the fractional order tends to an integer, the diffusion reduces to the normal diffusion.
Introduction
The topic of stochastic differential equations can be dated back to the beginning of the 20th century. In 1908, Langevin gave an equation, where he studied the fluctuation phenomenon in Brownian motion. The model which Langevin established is in the following form
where m is the mass of the particle, γ is the viscous friction coefficient, F (x) is the external force. This equation is regarded as the first stochastic differential equation with a random force, i.e. ξ(t). Generally speaking, we can use
dB(t) dt instead of ξ(t), and change the equation (1.1) into the following form mdv(t) = −γv(t)dt + F (x)dt + dB(t),
where B(t) is the classical Brownian motion which is everywhere continuous but nowhere differentiable. Now the Langevin equation has been used in many areas, such as modelling the evacuation processes [15] , photoelectron counting [33] , analyzing the stock market [1] , studying the fluid suspensions [11] , deuteron-cluster dynamics [31] , protein dynamics [30] , self organization in complex systems [8] , etc. For other applications of the Langevin equation in physical chemistry and electrical engineering, one can refer to [4] . The study of the classical Langevin equation is based on the Brownian motion with a hypothesis that the process is a Markov process, i.e. the random forces are independent so do not have memory. Although the Langevin equation plays an important role in many fields, there are still some behaviors such as anomalous diffusion (superdiffusion and subdiffusion), power law, long-range interactions that the classical Langevin equation can not well describe. Therefore, various fractional Langevin equations were proposed in [4, 16, 24] . Compared to the classical Langevin equation, the fractional Langevin equation has an exotic kernel. That is why the fractional Langevin equation can capture the features which the Langevin equation cannot do. In [24] , the following form was displayed
In [16] , the fractional version of the Langevin equation was presented
In this paper, we mainly focus on the following fractional Langevin equation, which reads as 5) where C D α 0,t is the Caputo derivative operator, in this paper α = 2 − 2H, H ∈ ( 1 2 , 1) is the Hurst parameter, ξ H (t) is the fractional Gaussian noise and η is the coefficient which satisfies the fluctuation-dissipation theorem [17] .
, where k B is the Boltzmann constant.
For more details, one can refer to [5, 6, 7, 21, 22, 32] . This paper is organized as follows. In Section 2, we present a basic and concise introduction to the fractional calculus and fractional Brownian motion. In Section 3, we mainly study the fractional Langevin equation driven by the fractional Brownian motion with or without an external force. In this section we present corresponding numerical approaches for these two typical fractional Langevin equations. Compared to the asymptotic mean value in theory, we show that our method is effective. Furthermore, our method can also be applied to some problems that the traditional transform method cannot be used to solve. Section 4 concludes this paper.
Preliminaries
In this section, we present some basic definitions about the fractional calculus, fractional Brownian motion and the fractional noise.
Fractional calculus
In general, fractional calculus includes both fractional integration and fractional differentiation. The fractional integral is basically taken in the sense of Riemann-Liouville. For fractional differentiation, however, there exist more than six kinds of fractional derivatives, such as Grünwald-Letnikov derivative, Riemann-Liouville derivative, Caputo derivative, Marchaud derivative, Riesz derivative, Feller derivative, Erdélyi-Kober derivative, etc., see e.g. [13] . Throughout this paper we mainly use the Caputo derivative. For more details about the fractional calculus with numerical analysis we can refer to [2, 9, 10, 12, 13, 14, 18, 19, 20, 26, 27, 28] .
where
Next, we introduce some important properties.
The following equalities hold:
The following equations hold:
is the Laplace transform.
The Fractional Brownian motion and fractional noise
For the classical Brownian motion, it is well known that
, where ξ(t) is the white noise. Similarly, the fractional noise is also given by the fractional Brownian motion. In 1966, Barnes and Allen developed a fractional Brownian model. They considered a filter of a white Gaussian noise. The model can be described as
From the definition of fractional calculus we can regard this model as a Riemann-Liouville Brownian motion. But now the most widely used and accepted version of fractional Brownian motion is proposed in [25] instead. The model gives
and we can give a more compact expression
The fractional Brownian motion given by Barnes and Allen is a selfsimilar process, but does not have stationary increments. Compared to the fractional Brownian motion (2.4), (2.5) is a self-similar process with stationary increments, i.e.,
where a > 0, t 0 ∈ R, τ ∈ R.
For the covariance of the fractional Brownian motion, from (2.5) we can get E(B H (t) 2 ) = V t 2H , therefore
It immediately follows that we have ξ(t) = 0, and furthermore
From another angle, for the integral of the classical Brownian motion one has
In addition, for simplicity some researchers use another type covariance of the fractional Brownian motion, i.e., 15) and this covariance can also reduce to the classical Brownian motion when H = 1 2 . The difference between these two covariances is that the coefficient of (2.10) depends on H, while the coefficient of (2.12) does not have any relation to the parameter H.
The fractional Gaussian noise is similar to the white noise, i.e.,
For the fractional Gaussian noise ξ H (t) whose mean is zero and the covariance
From (2.17) one can learn that when 0 < H < There exist several different methods to generate the fractional Brownian motion and fractional Gaussian noise, such as Mandelbrot's method, wavelet method, Choleski method, Levinson method, Wood-Chan method etc., and for the matlab code, see [3] . Throughout this paper we use the Wood-Chan method to generate the fractional Brownian motion and the fractional Gaussian noise. In general, the simulation sequence of fractional Brownian motion generated by the Wood-Chan method or other methods is not always accurate, that is, if we generate the fractional Brownian motion with H = 0.8, in most situations the Hurst parameter of the sequence may not be the same as H = 0.8, for example, it maybe equals H = 0.78. To overcome this problem and improve the accuracy of the simulated sequence, one idea is to use larger number of samples and perform local aggregation mean to form the sequence. 
A numerical algorithm for the fractional Langevin equation
For the classical stochastic differential equation driven by classical Brownian motion, we can use the Itô or the Stratonovich stochastic calculus to solve the equation. But for the fractional Langevin equation driven by fractional Brownian motion we can not used the Itô or Stratonovich calculus to solve it. This is due to the fact that the fractional Brownian motion is not a semimartingale, and for a detailed proof we refer to [29] . The most reliable method to solve stochastic differential equations may be the Monte-Carlo method, but unfortunately, such a brutal force method cannot be directly used either. The sequences generated by Monte-Carlo method are independent sequences, but the sequences of the fractional noise are dependent, the classical Monte-Carlo method is not suitable to deal with our problem. Here, special numerical schemes must be constructed which is one of the contributions of this paper.
The Fractional Langevin equation without external force
First of all, we integrate the equation (1.5) and we get 
We use the approximation
For the integral part we use
Then we can get
In the known works, the Laplace transform was used to derive the mean value and the mean square displacement [22] , 
From (3.7) and (3.8) we have
10) From Fig. 3 .1 we can find that when t tends to infinity the mean displacement x(t) tends to zero. Figs. 3.2 and 3.3 are for the mean displacements of (1.5) with different parameters.
Compared to the mean displacement we are more interested in the mean square displacement. With the mean value, we can get the mean square displacement easily. For the classical Langevin equation we can find that the mean square displacement has an important relationship that is x 2 (t) ∼t. Fig. 3 .10: The ratio of x 2 (t) and t α when we choose, α = 0.6, t = 5000, h = 10 and 2000 paths.
From Fig. 3.9 and Fig. 3 .10 we known that when time t tend to infinity the ratio of x 2 (t) and t α tends to a constant,
From the figures we can find that when time t is big enough the ratio tends to be a constant. In Fig. 3 .8, when we choose different viscosity coefficients, it is easy to observe that the speed of the anomalous diffusion is inversely proportional to the viscosity coefficient.
Fractional Langevin equation with an external force
In the following we will discuss the fractional Langevin equation with an external force F (x). In most cases, the particles are not only influenced by the random force, but also influenced by the potential force. This type of fractional Langevin equation is described by where a j = j 2H−1 − (j − 1) 2H−1 , j ≥ 1.
Figs. 3.11 and 3.12 show that when t tends to infinity, the mean value tends to zero. Fig. 3.13 shows the mean square displacement when we choose different parameters, Fig. 3 .14 shows that the quotient of mean square displacement x 2 (t) and t α . If we compare Fig. 3 .14 with Fig. 3.9 , it is interesting to discover that in Fig. 3 .14, there is a small slope which is caused by the external force. 
Conclusion
In the present paper we mainly study the fractional Langevin equation driven by fractional Brownian motion, where the numerical schemes and results are both given. For the fractional Langevin equation without an external force, from an angle of the numerical simulation we can find that the ratio of the mean square displacement x 2 (t) and t α approximately equals to a constant. For the fractional Langevin equation with an external force, the ratio is not a constant any more but with a small slope due to the effect of the external force.
